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Interference phenomena in the decay D+
s
→ ηpi0pi+ induced by
the a00(980)− f0(980) mixing
N. N. Achasov and G. N. Shestakov
Laboratory of Theoretical Physics, S. L. Sobolev Institute for Mathematics, 630090 Novosibirsk, Russia
Using the data on the decay D+s → f0(980)pi
+ → K+K−pi+, we estimate the amplitude of the
process D+s →
[
f0(980)→ (K
+K− +K0K¯0)→ a00(980)
]
pi+ → ηpi0pi+, caused by the mixing of
a00(980) and f0(980) resonances that breaks the isotopic invariance due to the K
+ and K0 meson
mass difference. Effects of the interference of this amplitude with the amplitudes of the main
mechanisms responsible for the decay D+s → ηpi
0pi+ are analyzed. As such mechanisms, we examine
the transition D+s → ηρ
+ → ηpi0pi+, which is observed in experiment, and the possible transition
D+s →
(
a00(980)pi
+ + a+0 (980)pi
0
)
→ ηpi0pi+. It is shown that the rapidly varying phase of the
a00(980) − f0(980) transition amplitude strongly influences the interference curves.
PACS numbers: 11.30.Hv, 13.25.Ft, 13.25.Jx, 13.75.Lb
I. INTRODUCTION
A threshold phenomenon known as the the mixing of
a00(980) and f0(980) resonances appreciably breaks the
isotopic invariance, since the effect is proportional to√
2(MK0 −MK+)/MK0 ≈ 0.13 in the modulus of the
amplitude [1]; see also Ref. [2]. This effect appears as
the narrow (with the width of about 2(MK0−MK+) ≈ 8
MeV) resonant peak between the K+K− and K0K¯0
thresholds owing to the transition a00(980) → KK¯ →
f0(980) or vice versa f0(980) → KK¯ → a00(980). There
are many proposals in the literature concerning both the
searching of the a00(980)−f0(980) mixing and estimating
the effects related with this phenomenon; the detailed list
of references may be found, for example, in Ref. [3].
Recently, this phenomenon has been discovered exper-
imentally and studied with the help of detectors VES
in Protvino in π−N collisions [4, 5] and BESIII in Bei-
jing in J/ψ decays [6–8]. As a result it has become
clear [3, 9, 10] that the similar isospin breaking effect
can appear not only due to the a00(980) − f0(980) mix-
ing, but also due to any mechanism of the production of
the KK¯ pairs with the definite isospin in the S wave,
X → KK¯ → f0(980)/a00(980) [11]. Thus, a new tool
emerged to study the production mechanism and nature
of light scalars.
In the present work, we discuss, for the first, time the
possibility of the a00(980) − f0(980) mixing detection in
three-body hadronic decay of theD+s mesons into ηπ
0π+.
We pay attention to the fact that the manifestation of the
isospin-breaking amplitude f0(980) → KK¯ → a00(980)
can be enhanced in this decay owing to its interference
with the amplitudes of other mechanisms. The sharp
and large variation of the phase of the f0(980)− a00(980)
transition amplitude (by about 90◦ in the region between
K+K− andK0K¯0 thresholds) plays an important role in
the interference phenomenon. So far, this characteristic
feature of the a00(980)− f0(980) mixing has remained in
the shadows [12–14]. By our estimates, the decay D+s →
ηπ0π+ has potential for the a00(980) − f0(980) mixing
detection.
II. THE a00(980) − f0(980) MIXING IN
D
+
s → ηpi
0pi+
A. The case of two mechanisms
Figure 1 shows the BaBar data [15] on the S-wave
mass spectrum of the K+K− system produced in the
decay D+s → K+K−π+. Its shape, as well as the shape
of the S-wave π+π− spectrum in D+s → π+π−π+ [16], is
approximated by the f0(980) resonance contribution (see
Figs. 1 and 2, and Ref. [17]).
The solid curves in Figs. 1 and 2 are proportional to
the modulus squared of the f0(980) resonance propaga-
tor, i.e., |SK+K− |2 ∼ 1/|Df0(m2K+K−)|2, where mK+K−
is the invariant mass of K+K− in the region above the
K+K− threshold, and |Spi+pi− |2 ∼ 1/|Df0(m2pi+pi−)|2,
wherempi+pi− is the invariant mass of π
+π−, respectively.
Here the f0(980) propagator, 1/Df0 , was taken from Ref.
[3] without any changes.
The Particle Data Group (PDG) gives [18]
BR(D+s → f0(980)π+ → K+K−π+)
= (1.15± 0.32)% . (1)
This value and its accuracy require further careful study
(see discussions of the assumptions made by BaBar [15]
and CLEO [19] with the treatment of the initial data).
In fact, in the original BaBar [15] and CLEO [19] analy-
ses a possible presence of the a00(980) resonance has been
neglected so that the number given in Eq. (1) effectively
corresponds to a sum of the f0(980) and a0(980) contri-
butions in the decays of the D+s mesons. Therefore, we
consider the results of our analysis as some guide and
hope that the detection of the a00(980)− f0(980) mixing
may shed extra light on the mechanisms of the f0(980)
and a00(980) production in D
+
s decays.
Using Eq. (1), together with the values of the f0(980)
and a00(980) resonance parameters (see Appendix), ob-
tained in Ref. [3] by analyzing the BESIII data [6] on
the intensity of the a00(980) − f0(980) mixing in the de-
cays J/ψ → φf0(980) → φa0(980) → φηπ and ψ′ →
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Figure 1: The BaBar data [15] on the S-wave K+K− mass
spectrum in the decay D+s → K
+K−pi+. The data cor-
respond to the modulus squared of the transition ampli-
tude without the phase space factor of the K+K− system
in D+s → K
+K−pi+. The dotted vertical lines show the lo-
cations of the K+K− and K0K¯0 thresholds. The solid curve
corresponds to the f0(980) resonance contribution described
in the text.
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Figure 2: The BaBar data [16] on the S-wave pi+pi− mass
spectrum in the decay D+s → pi
+pi−pi+; see also Ref. [17].
The shape of the curve corresponds to the f0(980) resonance
contribution described in the text.
γχc1 → γa0(980)π0 → γf0(980)π0 → γπ+π−π0, we find
the following estimate for the branching ratio of the decay
D+s → ηπ0π+ induced by the a00(980)− f0(980) mixing:
BR
(
D+s →
[
f0(980)→ (K+K− +K0K¯0)
→ a00(980)
]
π+ → ηπ0π+) = 4.1× 10−4 . (2)
The relevant amplitude of the transition D+s →
[
f0(980)→ (K+K− +K0K¯0)→ a00(980)
]
π+ → ηπ0π+
is presented just below in Eq. (6).
The available data on the decay D+s → ηπ0π+ [18,
20, 21] show that it proceeds predominantly via the ηρ+
intermediate state:
BR(D+s → ηρ+ → ηπ0π+) = (8.9± 0.8)% , (3)
BR(D+s → ηπ0π+) = (9.2± 1.2)% . (4)
Let us denote the D+s → ηρ+ → ηπ0π+ and D+s →[
f0(980)→ (K+K− +K0K¯0)→ a00(980)
]
π+ → ηπ0π+
transition amplitudes as Aηρ+ and Af0a00 , respectively.
For the description of their dependence on the mass vari-
ables, we use the following expressions:
Aηρ+ ≡ Aηρ+(m2ηpi0 ,m2ηpi+ ,m2pi0pi+) ≡ Aηρ+(s, t, u)
= CD+
s
ηρ+
s− t
Dρ+(u)
Fρ(u)
√
g2ρpipi
16π
, (5)
Af0a00 ≡ Af0a00(m
2
ηpi0) ≡ Af0a00(s)
= CD+
s
f0pi+
Πa0
0
f0(s)
Da0
0
(s)Df0(s)−Π2a0
0
f0
(s)
√
g2
a0
0
ηpi0
16π
, (6)
where s = m2ηpi0 , t = m
2
ηpi+
, and u = m2
pi0pi+
are the
invariant masses squared of the indicated meson pairs in
the decayD+s → ηπ0π+ (Σ = s+t+u = m2Ds+2m2pi+m2η,
and here we neglect the π0 and π+ mass difference
and put mpi = 0.135 GeV); Dρ+(u), Da0
0
(s), Df0(s),
and Πa0
0
f0(s) are the inverse propagators of ρ
+, a00(980),
f0(980) resonances and the amplitude of the a
0
0(980) →
(K+K− + K0K¯0) → f0(980) transition, respectively,
Fρ(u) is the centrifugal barrier penetration factor (for-
mulas for all these quantities are presented in Appendix);
gρpipi and ga0
0
ηpi0 are the coupling constants (see also the
Appendix), CD+
s
ηρ+ and CD+
s
f0pi+
are the invariant am-
plitudes of the decays D+s → ηρ+ and D+s → f0(980)π+,
respectively. In so doing, the effective verticesD+s → ηρ+
and ρ+ → π0π+ are taken in the form
VD+
s
ηρ+ = CD+
s
ηρ+(ǫ
∗
ρ+ , pD+
s
+ pη) , (7)
Vρ+pi0pi+ = gρpipi(ǫρ+ , ppi+ − ppi0) , (8)
where ǫρ+ is the polarization four-vector of the ρ
+ meson,
pD+
s
, pη, ppi0 , and ppi+ are the four-momenta of theD
+
s , η,
π0, and π+ mesons in the decayD+s → ηπ0π+. Hence the
kinematical factor s−t in Eq. (5) is (pD+
s
+pη, ppi0−ppi+).
The amplitude Af0pi, responsible for the decay D
+
s →
f0(980)π
+ → K+K−π+ [see Eq. (1)], is given by
Af0pi ≡ Af0pi(m2K+K−) ≡ Af0pi(s)
= CD+
s
f0pi+
1
Df0(s)
√
g2
f0K+K−
16π
. (9)
Each invariant amplitude CD+
s
ηρ+ and CD+
s
f0pi+
is rep-
resented by two real numbers, a modulus and a phase,
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Figure 3: The illustration of the a00(980) − f0(980) mix-
ing manifestation in the decay D+s → ηpi
0pi+ against the
mechanism D+s → ηρ
+ → ηpi0pi+. The solid curves in (a)
and (b) show, respectively, the ηpi0 and pi0pi+ mass spec-
tra in the decay D+s → ηpi
0pi+ for the case of the incoher-
ent sum of the contributions from the D+s → ηρ
+ → ηpi0pi+
and D+s →
[
f0(980)→ (K
+K− +K0K¯0)→ a00(980)
]
pi+ →
ηpi0pi+ mechanisms. The s-u and s-t Monte Carlo Dalitz plot
distributions for this case are shown in (c) and (d), respec-
tively. Plots (e) and (f) show the ηpi0 mass spectra in the re-
gion of the K+K− and K0K¯0 thresholds for four variants of
the interference between the amplitudesD+s → ηρ
+ → ηpi0pi+
and D+s →
[
f0(980)→ (K
+K− +K0K¯0)→ a00(980)
]
pi+ →
ηpi0pi+ in comparison with the incoherent case; the curves are
described in the text.
which are independent of the mass variables, i.e.,
CD+
s
ηρ+ = a1e
iϕ1 and CD+
s
f0pi+
= a2e
iϕ2 . Such an ap-
proximation of the amplitudes of heavy quarkonium de-
cays with the participation of light resonances in interme-
diate states is commonly used in the data treatments (fits
to experimental distributions in the Dalitz plots), see, for
example, Refs. [15, 16, 19]. We use this approximation
for our estimates.
Taking into account Eqs. (2) and (3), we present in
Figs. 3(a) and 3(b) the ηπ0 and π0π+ mass spectra in the
decay D+s → ηπ0π+ for the case of the incoherent sum
of the contributions from the D+s → ηρ+ → ηπ0π+ and
D+s →
[
f0(980)→ (K+K− +K0K¯0)→ a00(980)
]
π+ →
ηπ0π+ mechanisms. The sharp peak with the width of
about 2(mK0 − mK+) ≈ 8 MeV in Fig. 3(a) in the re-
gion of K+K− and K0K¯0 thresholds arises owing to the
a00(980) − f0(980) mixing. Figures 3(c) and 3(d) show,
as an example, the s-u and s-t Dalitz plots for approxi-
mately 104 D+s → ηπ0π+ Monte Carlo events generated
for the above hypothetical case of the incoherent sum of
two mechanisms. As seen from Eq. (5), the s-u and s-t
distributions for the D+s → ηρ+ → ηπ0π+ decay mecha-
nism vanish on the dashed lines u = m2Ds+2m
2
pi+m
2
η−2s
and t = s shown in Figs. 3(c) and 3(d), respec-
tively. These lines divide the D+s → ηρ+ → ηπ0π+
events into two equal parts. The events caused by the
a00(980) − f0(980) mixing concentrate in the vicinity of
s = m2
ηpi0
≈ 4m2K on the s-u and s-t Dalitz plots.
They make up about one-hundredth of a half of the
D+s → ηρ+ → ηπ0π+ events [see Eqs. (2) and (3)].
This is large for the isospin breaking contribution which,
at the first sight, could be naturally expected to have
the magnitude at the level of (md −mu)/m¯ (where md,
mu, m¯ = (md+mu)/2 are the constituent-quark masses)
or α = e2/4π (electromagnetic constant) in the reaction
amplitude and thus at the level of 10−4 in the amplitude
squared.
Figures 3(e) and 3(f) show four variants of the ηπ0
mass spectrum in the region of the K+K− and K0K¯0
thresholds with taking into account the interference of
the D+s → ηρ+ → ηπ0π+ transition amplitude Aηρ+ and
the amplitude Af0a00 caused by the a
0
0(980)−f0(980) mix-
ing,
dNηpi0
dmηpi0
=
a+(s)∫
a−(s)
|Aηρ+ +Af0a00 |
2 2mηpi0dm
2
pi0pi+ . (10)
Here the integration is made over the physical region of
the variable m2
pi0pi+
= u from a−(s = m
2
ηpi0) to a+(s =
m2
ηpi0
), where
a±(s) =
1
2
(
Σ− s− (m
2
Ds
−m2pi)(m2η −m2pi)
s
)
±2mDs√
s
p(s)q(s) , (11)
p(s) =
√
m4Ds − 2m2Ds(s+m2pi) + (s−m2pi)2/(2mDs), (12)
q(s) =
√
s2 − 2s(m2η +m2pi) + (m2η −m2pi)2/(2
√
s). (13)
Using the data from Eqs. (1) and (3), we find
CD+
s
f0pi+
/CD+
s
ηρ+ = (a2/a1) ξ ≈ (4.5 GeV) ξ, where
ξ = eiϕ21 and ϕ21 = ϕ2 − ϕ1 is the relative phase of
the amplitudes CD+
s
f0pi+
and CD+
s
ηρ+ . This phase is un-
known and to illustrate the possible interference patterns
4we put ϕ21=0
◦, ±90◦, and 180◦ (respectively, ξ = 1,
±i, and −1). The short and long dashed curves in Fig.
3(e) show the ηπ0 mass spectra for ξ = 1 and ξ = −1,
respectively. The dotted curve in this figure shows the
contribution from the amplitude Aηρ+ only, and the solid
curve corresponds to the above case of the incoherent
sum of two mechanisms. The solid and dotted curves in
Fig. 3(f) show the same as in Fig. 3(e), and the short
and long dash curves illustrate the interference patterns
corresponding to ξ = i and ξ = −i, respectively.
Note that the interference of Af0a00 with the other con-
tributions will be practically always essential (see Figs.
3(e) and 3(f)) in consequence of the sharp change of
the phase of the a00(980) − f0(980) transition amplitude
Πa0
0
f0(s) by about 90
◦ in the region between K+K−
and K0K¯0 thresholds [3, 13, 14], where the modulus of
Πa0
0
f0(s) is maximal and approximately constant (see Ap-
pendix for details).
B. The case of three mechanisms
In principle, the decay D+s → ηπ0π+ can pro-
ceed not only via the ηρ+ intermediate state but also
via the (a0(980)π)
+ production, D+s → [a+0 (980)π0 +
a00(980)π
+]→ ηπ0π+. However, such a transition should
be expected to be small. Based on the data quoted in
Eqs. (3) and (4), we put BR(D+s → (a0(980)π)+ →
ηπ0π+) ≈ 1% as a very rough upper estimate. Note that
by our estimate the relevant upper limit for BR(D+s →
a00(980)π
+ → K+K−π+) is ≈ 0.1%. This estimate con-
sists with the initial dominance of the f0(980) resonance
in the decay D+s → f0(980)π+ → K+K−π+ (see Eq. (1)
and the discussion after it, and also Ref. [22]).
Thus, we have three interfering mechanisms of the de-
cay D+s → ηπ0π+. The corresponding decay amplitude
is
AD+
s
→ηpi0pi+ = Aηρ+ +Af0a00 +Aa0pi , (14)
where the amplitude Aa0pi describes the transitionD
+
s →
(a0(980)π)
+ → ηπ0π+. Like Aηρ+ [see Eq. (5)], the
amplitude Aa0pi has to be antisymmetric with respect to
permutation of the s and t variables [23]. Taking this
into account, we approximate the amplitude Aa0pi by the
following expression
Aa0pi ≡ Aa0pi(m2ηpi0 ,m2ηpi+) ≡ Aa0pi(s, t)
= CD+
s
a0
0
pi+
[
1
Da0
0
(s)
− 1
Da+
0
(t)
]√
g2
a0ηpi0
16π
, (15)
where the production amplitude CD+
s
a0
0
pi+ = a3e
iϕ3 is
assumed to be the s- and t-independent complex con-
stant. Note that any coherent sum of the amplitudes
Aηρ+ and Aa0pi gives the symmetric distribution of the
ηπ0π+ events in the s− t Dalitz plot relative to the t = s
line. The isospin-breaking amplitude Af0a00 = Af0a00(s)
caused by the a00(980) − f0(980) mixing depends exclu-
sively on s and therefore is responsible for the asymmetry
of the distribution of the ηπ0π+ events in the s− t Dalitz
plot (relative to the t = s line).
By our estimate CD+
s
a0
0
pi+/CD+
s
ηρ+ = (a3/a1)ξ
′ ≈
(1.65 GeV) ξ′, where ξ′ = eiϕ31 and ϕ31 = ϕ3 − ϕ1 is
an unknown relative phase of the amplitudes CD+
s
a0
0
pi+
and CD+
s
ηρ+ . We examined 16 variants of the inter-
ference patterns corresponding to different combinations
of the relative phase values ϕ21=0
◦, ±90◦, 180◦ and
ϕ31=0
◦, ±90◦, 180◦ or parameters ξ = 1, ±i, −1 and
ξ′ = 1, ±i, −1. To illustrate possible manifestations of
the a00(980)− f0(980) mixing effect, we chose 4 of them
with (ξ, ξ′) = (i,−1), (−1, 1), (1, i), and (1,−1). The
solid curves in Figs. 4(a) and 4(c) show the ηπ0 mass
spectra,
dNηpi0
dmηpi0
=
a+(s)∫
a−(s)
|AD+
s
→ηpi0pi+ |22mηpi0dm2pi0pi+ , (16)
calculated with the use of Eqs. (5), (6), (11)–(15). The
corresponding distributions of the Monte Carlo events (∼
|AD+
s
→ηpi0pi+ |2) in the s-t Dalitz plots are shown in Figs.
4(b) and 4(d). The variant represented in Figs. 4(a)
and 4(b) corresponds to combination (ξ, ξ′) = (i,−1) for
which the influence of the a00(980)−f0(980) mixing seems
most appreciable. The variant represented in Figs. 4(c)
and 4(d) corresponds to combination (ξ, ξ′) = (−1, 1). In
this case, the ηπ0 mass spectrum demonstrates a small
narrow peak located on the smooth background in the re-
gion of the KK¯ thresholds [see Fig. 4(c)]. Nevertheless,
the asymmetry effect is clearly visible in the Dalitz plot
[see Fig. 4(d)] (though it almost collapses in the ηπ0 pro-
jection). The mass spectra dNηpi0/dmηpi0 in the a
0
0(980)
resonance region are presented in more detail in Fig 5 for
variants with (ξ, ξ′) = (i,−1), (−1, 1), (1, i), and (1,−1).
The dotted curves in Figs. 4(a), 4(c), and 5 correspond
to the mass spectra dNηpi0/dmηpi0 without the contribu-
tion of the amplitude Af0a00 . Note that the asymmetry in
the s-t Dalitz plot distributions relative to the t = s line
(see Fig. 4) manifests itself in all considered 16 variants.
Detecting signs of the D+s → [a00(980)π+ +
a+0 (980)π
0] → ηπ0π+ decay mechanisms is one of the
interesting problems both for the weak hadronic decay
physics of the D+s meson and for the physics of the light
scalar a0(980) and f0(980) mesons. At present, intensive
investigations in these lines are realized by the LHCb,
BaBar, CLEO, Belle, and BESIII Collaborations (see,
for example, recent reviews [18, 24–26]).
III. CONCLUSION AND DISCUSSION
Light meson spectroscopy from hadronic charm meson
decays (in particular, study of the a00(980) and f0(980)
resonances) is one of the main lines of the LHCb pro-
gram on charm physics [24, 25]. It is hoped that the
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Figure 4: The illustration of possible manifestations of the
a00(980)−f0(980) mixing effect in the decay D
+
s → ηpi
0pi+ for
the case of three interfering mechanisms. The solid curves in
(a) and (c) show the mass spectra dNηpi0/dmηpi0 calculated
with the use of Eqs. (14) and (16) for two sets of the relative
phases indicated in the plots. The corresponding s-t Monte
Carlo Dalitz plot distributions (∼ |A
D
+
s
→ηpi0pi+
|2) are shown
in (b) and (d). The mass spectra without the contribution of
the amplitude Af0a00
are shown in (a) and (c) by the dotted
curves (see Fig. 5 for details).
measurements of the D+s meson decays with huge statis-
tics, really reachable at LHCb, will allow us to reveal the
isospin breaking effect caused by the a00(980) − f0(980)
mixing in the D+s → ηπ0π+ channel and obtain new in-
formation on the production mechanisms and nature of
the light scalar mesons.
Note that the investigations of the a00(980) − f0(980)
mixing in three-body decays of the D0 meson, such as
D0 → K0Sπ+π−, D0 → K0Sηπ0, D0 → K¯0K−K+, D0 →
K−K+π0, and D0 → π+π−π0, are also promising and
interesting. These decays differ appreciably from those
of the D+s meson. We hope to present detailed estimates
for the case of the D0 decays elsewhere in the near future.
Note also that the a00(980) − f0(980) mixing in the
semileptonic decays D+s → [π0η, ππ]e+ν has been dis-
cussed recently in Ref. [27].
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Figure 5: The solid curves in plots (a), (c) and (a′), (c′) show
the ηpi0 mass spectra in the a00(980) resonance region corre-
sponding to the interference variants with (ξ, ξ′) = (i,−1),
(−1, 1) [see Figs. 4(a) and 4(c)] and (1, i), (1,−1), respec-
tively. The dotted curves correspond the mass spectra with-
out the contribution of the amplitude Af0a00
.
APPENDIX: PROPAGATORS AND
a00(980) − f0(980) MIXING AMPLITUDE
The inverse propagator of the ρ+ meson in Eq. (5) is
Dρ+(u) = m
2
ρ − u− i
√
uΓρ(u) , (17)
where Γρ(u) = (m
2
ρ/u)Γρ[q(u)/q(m
2
ρ)]
3F 2ρ (u), F
2
ρ (u) =
[1 + r2ρq
2(m2ρ)]/[1 + r
2
ρq
2(u)], rρ = 5 GeV
−1, q(u) =√
u− 4m2pi/2 , mρ = 0.775 GeV, Γρ = 0.148 GeV,
g2ρpipi/(4π) = 2.8 [18].
The a00(980) − f0(980) mixing amplitude in Eq. (6),
caused by the diagrams shown in Fig. 6, has the form
+
K+
a00 f0 a
0
0
f0
K−
K0
K¯0
Figure 6: The KK¯ loop mechanism of the a00(980) − f0(980)
mixing.
Πa0
0
f0
(s) =
ga0
0
K+K−gf0K+K−
16π
[
i
(
ρK+K−(s)
6−ρK0K¯0(s)
)
− ρK+K−(s)
π
ln
1 + ρK+K−(s)
1− ρK+K−(s)
+
ρK0K¯0(s)
π
ln
1 + ρK0K¯0(s)
1− ρK0K¯0(s)
]
, (18)
where s (the square of the invariant virtual mass of scalar
resonances) ≥ 4m2K0 and ρKK¯(s) =
√
1− 4m2K/s; in the
region 0 ≤ s ≤ 4m2K , ρKK¯(s) should be replaced by
i|ρKK¯(s)|. The modulus and the phase of Πa0
0
f0(s) are
shown in Fig. 7. Since Πa0
0
f0
(s) is not small between
the KK¯ thresholds, all orders of the a00(980) − f0(980)
mixing has been taken into account in Eq. (6) for the
amplitude Af0a0 [1–3].
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Figure 7: (a) An example of the modulus of the a00(980) −
f0(980) mixing amplitude. (b) The phase of the a
0
0(980) −
f0(980) mixing amplitude.
In Eq. (6), Dr(s) is the inverse propagator of the un-
mixed resonance r [r = a00(980), f0(980)] with the mass
mr ,
Dr(s) = m
2
r − s+
∑
ab
[ReΠabr (m
2
r)−Πabr (s)], (19)
ab = (ηπ0, K+K−, K0K¯0, η′π0) for r = a00(980) and
ab = (π+π−, π0π0, K+K−, K0K¯0, ηη) for r = f0(980);
Πabr (s) stands for the diagonal matrix element of the po-
larization operator of the resonance r corresponding to
the contribution of the ab intermediate state [28].
At s > (ma +mb)
2,
Πabr (s) =
g2rab
16π
[
m
(+)
ab m
(−)
ab
πs
ln
mb
ma
+ ρab(s)
×

i− 1
π
ln
√
s−m(−) 2ab +
√
s−m(+) 2ab√
s−m(−) 2ab −
√
s−m(+) 2ab



 , (20)
where grab is the coupling constant of r with ab,
ρab(s)=
√
s−m(+) 2ab
√
s−m(−) 2ab /s, m(±)ab =ma ± mb,
and ma ≥ mb; ImΠabr (s) =
√
sΓr→ab(s) =
(g2rab/16π)ρab(s). At m
(−) 2
ab < s < m
(+) 2
ab
Πabr (s) =
g2rab
16π
[
m
(+)
ab m
(−)
ab
πs
ln
mb
ma
−ρab(s)

1− 2
π
arctan
√
m
(+) 2
ab − s√
s−m(−) 2ab



 , (21)
where ρab(s)=
√
m
(+) 2
ab − s
√
s−m(−) 2ab /s. At s ≤
m
(−) 2
ab
Πabr (s) =
g2rab
16π
[
m
(+)
ab m
(−)
ab
πs
ln
mb
ma
+ρab(s)
1
π
ln
√
m
(+) 2
ab − s+
√
m
(−) 2
ab − s√
m
(+) 2
ab − s−
√
m
(−) 2
ab − s

 , (22)
where ρab(s)=
√
m
(+) 2
ab − s
√
m
(−) 2
ab − s /s.
The propagators 1/Da0
0
(s) and 1/Df0(s) constructed
with taking into account the finite width corrections [see
Eqs. (19)–(22)] satisfy the Ka¨lle´n-Lehman representation
in the wide domain of coupling constants of the scalar
mesons with two-particle states and, due to this fact,
provide the normalization of the total decay probability
to unity:
∑
abBR(r → ab) = 1 [29].
Here we use the numerical estimates of the coupling
constants g2f0ab/(16π) and g
2
a0
0
ab
/(16π) obtained in Ref.
[3]
g2f0pipi
16π
≡ 3
2
g2
f0pi+pi−
16π
= 0.098 GeV2, (23)
g2
f0KK¯
16π
≡ 2
g2
f0K+K−
16π
= 0.4 GeV2, (24)
g2
a0
0
ηpi0
16π
= 0.2 GeV2, (25)
g2
a0
0
KK¯
16π
≡ 2
g2
a0
0
K+K−
16π
= 0.5 GeV2. (26)
As in Ref. [3], we fix ma0
0
= 0.985 GeV, mf0 = 0.985
GeV and set g2
a0
0
η′pi0
= g2
a0
0
ηpi0
and g2f0ηη = g
2
f0K+K−
by
the q2q¯2 model, see, e.g., Refs. [2, 30].
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